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Abstract  
Self-gravitating systems are generally thought to behavior non-extensively due to 
the long-range nature of gravitational forces. We obtain a relation between the 
nonextensive parameter q of Tsallis statistics, the temperature gradient and the 
gravitational potential based on the equation of hydrostatic equilibrium of 
self-gravitating systems. It is suggested that the nonextensive parameter in Tsallis 
statistics has a clear physical meaning with regard to the non-isothermal nature of the 
systems with long-range interactions and Tsallis’ equilibrium distribution for the 
self-gravitating systems describes the property of hydrostatic equilibrium of the 
systems. 
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The hydrostatic equilibrium is one of fundamental properties (or one of the basic 
assumptions) of self-gravitating systems. It has been long understood that the 
self-gravitating systems that are at stable state satisfy the equation of hydrostatic 
equilibrium, the general form of which can be written as 
)(rϕ∇−=∇ mnP                                          (1) 
where P is the pressure, m is the mass of particle, n is the number density of particles, 
and ϕ  is the gravitational potential determined by Poisson equation, 
           ∇                                          (2) Gmn 4)(2 πϕ =r
where G is the gravitational constant. In the framework of Boltzmann-Gibbs (B-G) 
statistical mechanics, the structure and stability of self-gravitating systems at statistical 
equilibrium are usually analyzed in terms of the maximization of a thermodynamic 
potential [1]. This thermodynamic approach leads to isothermal configurations that have 
been studied for long time in the context of stellar structure and galactic structure with 
equation of state of idea gas taken in the form of TnkP  =  and Maxwell-Boltzmann 
(M-B) equilibrium distribution expressed by 
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where temperature T is constant. The number density of particles is given by 
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where and 0n 0ϕ  are, respectively, the number density and the gravitational potential 
at r = 0. Additionally, Eq.(3) and Eq.(4) can be obtained by following the standard line 
of using Boltzmann equation and H theorem [2], which leads to the result known to all 
that the temperature gradient is zero and therefore the system is a thermal equilibrium 
state. The density distribution Eq.(4) can also be determined more directly by 
combining the equation of hydrostatic equilibrium, Eq.(1), with the pressure above in 
the equation of state of idea gas.  
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due to the long-range nature of gravitational forces. However, almost all the systems 
treated in statistical mechanics with B-G statistics have usually been extensive; this 
property holds for systems with short-range interparticle forces. When we deal with 
systems with long-rang interparticle forces such as Newtonian gravitational forces and 
Coulomb electric forces, where nonextensivity holds, B-G statistics may need to be 
generalized for the statistical description of such systems. The nonextensive 
generalization of B-G statistical mechanics known as “Tsallis statistics” has focused 
significant attention in recent years [3]. Such a generalization was done by constructing 
a new form of entropy, , with the nonextensive parameter q different from unity [4] 
in the form 
qS
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where k is Boltzmann constant, is probability that the system under consideration is 
in its ith configuration such that 
ip
1 =∑i ip , and q is a positive parameter whose 
deviation from unity is considered for describing the degree of nonextensivity of the 
system. The Boltzmann entropy  is recovered from  only if q =1. In this way, 
Tsallis statistics gives for all q≠1 a power law distribution, while the B-G exponential 
distribution is obtained only for q=1. This new theory has provided a convenient frame 
for the thermo-statistical analyses of many astrophysical systems and processes [5], 
such as Jeans criterion for self-gravitating systems [6-8], stellar polytropes [9-11], 
galaxy clusters [12], the nonequilibrium dynamical evolution of stellar systems [13,14], 
dark matter distribution [15], the negative specific heat [16,17] and the solar neutrino 
problem [18,19], etc. 
BS qS
Recently, M-B equilibrium distribution has been generalized based on the 
generalized Boltzmann equation in the framework of Tsallis’ statistics [20]. Tsallis’ 
equilibrium distribution (or the generalized M-B distribution) for the self-gravitating 
systems is also analyzed [21], which leads to a power law expression as 
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where is a q-dependent normalization constant and the density distribution is 
temperature-dependent, 
qB
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where T0 is temperature at r =0. The nonextensive parameter q for the systems is 
derived with relation to the gravitational potential and the temperature gradient by the 
following equation [21] 
       0)1( =∇−+∇ ϕmqTk                                          (9) 
It is therefore presented a physical meaning of q with regard to the nature of 
non-isothermal configurations of self-gravitating systems. The nonextensive parameter 
q is not one if and only if the temperature gradient is not zero. M-B equilibrium 
distribution is recovered from Eq.(7) perfectly when we let q =1. 
In the framework of Tsallis’ statistics, the equation of state of idea gas having been 
used for long time in astrophysics is modified due to the nonextensive effect of 
long-range interactions of gravitational forces [7, 8]. We now consider the equation of 
hydrostatic equilibrium for self-gravitating systems in Tsallis’ statistics. We first discuss 
the nonextensive equation of state of the system. In Tsallis’ equilibrium distribution 
Eq.(7), there is a thermal cutoff on the maximum value allowed for the velocity of a 
particle for q<1, )1(/2max qmkTv −= , whereas there is no thermal cutoff for q>1, 
. Then the mean value of square velocity<  is expressed by the integral ∞→maxv >2v
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Substituting Eq.(7) into Eq.(10), we can evaluate this mean value for q 1 by making 
the change of variables, 
<
vu 21]2/)1[( kTmq−= . So we have 
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Obviously, the standard mean value of square velocity, 3kT/m, in B-G statistics is 
recovered from Eq.(11) if we take q =1. It is easy to prove that the result in Eq.(11) still 
holds true for1 5/7<≤ q . But for q 7/5, the mean value of  diverges. Thus, the 
nonextensive equation of state of the self-gravitating system is obtained as 
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The standard form of the equation of state of idea gas is recovered by taking q =1. 
Using this new equation of state instead of that one of idea gas, we can write the 
equation of hydrostatic equilibrium, Eq.(1), as 
 ( ) ϕ∇−=∇+∇− mnnTTnkq  57
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where the density gradient  can be determined from Eq.(8), which is expressed 
with the gravitational potential and the temperature gradient by the equation 
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Substituting Eq.(14) into Eq.(13), we can obtain the relation between the nonextensive 
parameter q, the gravitational potential and the temperature gradient,  
0)1( =∇−+∇ ϕmqTk                                           (15) 
It is clear that this relation is the same as that one in Eq.(9), which was determined quite 
generally by the generalized Boltzmann equation, q-H theorem and Tsallis’ equilibrium 
distribution [21, 22]. Thus, again we obtain Eq.(9) from the equation of hydrostatic 
equilibrium for self-gravitating systems. This excellent agreement between the results 
obtained in tow different ways suggests that Tsallis’ equilibrium distribution for 
self-gravitating systems describes the property of hydrostatic equilibrium of the 
systems.  
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We are usually to say that Tsallis statistics for q≠1 can be used to describe the 
systems with long-range interactions. However, we do not know why it can do so. In 
other words, we do not know whether the parameter q≠1 must be related to a 
long-range potential. In our present work, Eq.(9) or Eq.(15) establish a close relation 
between the parameter q≠1, the gravitational potentialϕ  and the temperature gradient. 
But, from the mathematical point of view alone, it is not necessary for ϕ  to be a 
long-range potential and it can be any one. Actually, from the physical point of view, 
that the nonextensive parameter q≠1 is related to the long-range nature of gravitational 
forces in the self-gravitating system can be understood reasonably by Eq.(15) or Eq.(9). 
If the potential ϕ  is short-range interactions, then each element in the system is free 
from the boundary of the system. Such a system is the physical “large” one. The 
physical “large” system is always to limit to thermal equilibrium because each particle 
of the system is free, the temperature gradient is zero and q is unity. But, if the potential 
ϕ  is long-range interactions, then each element in the system is feeling the boundary of 
the system and the system is to behavior physical “small” (here not real small in space 
scale but “small” in the physical meaning). The physical “small” system cannot reach to 
thermal equilibrium automatically because each particle in the system is not free and it 
is always under control of the long-range potential. So, the temperature gradient cannot 
be zero and q is not unity. This may be the reason why the self-gravitating system is 
always at the non-isothermal state if the convective mixing is not taking place. 
In summary, the nonextensive parameter in Tsallis statistics has a clear physical 
meaning with regard to the non-isothermal nature of the systems with long-range 
interactions. Tsallis’ equilibrium distribution for self-gravitating systems describes the 
fundamental property of hydrostatic equilibrium of the systems. 
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